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Abstract. We present a new, fully anisotropic, criterion for formation of trapped surfaces in vac- 
uum. More precisely we provide conditions on null data, concentrated in a neighborhood of a short 
null geodesic segment (possibly flat everywhere else) whose future development contains a trapped 
surface. This extends considerably the previous result of Christodoulou [2] which rcqiiircd instead a 
uniform condition along all null geodesic generators. To obtain our result we combine Christodoulou's 
mechanism for the formation of a trapped surface with a new deformation process which takes place 
along incoming null hypersurfaces. 



1. Introduction 

According to the celebrated incompleteness result of Penrose, the future Cauchy development of a 
non-compact, complete, initial data set of the Einstein vacuum^ equations which contains a trapped 
surface, must be incomplete. Thus, in a sense, the fundamental issue of formation of spacetime 
singularities in gravitational collapse is reduced to the somewhat more tangible problem of forma- 
tion of trapped surfaces. This, on the other hand, is still a highly non-trivial problem. Indeed, the 
expansions of both null geodesic congruences generated by a compact, trapped surface -S" is required, 
by definition, to be negative at every point on S. To show that such surfaces can form in evolution, 
starting with regular initial data sets which contain no trapped surfaces, requires a deep understand- 
ing of the dynamics of the Einstein equations. It is for this reason that the problem has remained 
open for more than forty year, in the wake of Penrose's result, until the recent breakthrough of 
Christodoulou. In [2] he was able to identify an open set of regular^ initial conditions, on a finite 
outgoing null hypcrsurface, with trivial data on an incoming null hypersurface, whose future devel- 
opment must contain a trapped surface. The main condition in Christodoulou's result is that the 
data verify a uniform lower bound condition, with respect to all short, null geodesic generators of 
the outgoing initial null hypersurface. The goal of this paper is to significantly relax this uniform 
condition by showing that a trapped surface forms even if the null outgoing data is only concentrated 
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^The result of Penrose applies in fact to the more general Einstein-matter equations satisfying the null energy 
condition, but we restrict our considerations here to the vacuum case. 
^Smooth and free of trapped surfaces. 
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in a neighborhood of a short null geodesic segment (possible flat everywhere else). 
We recall that Christodoulou's proof in [2] rests on two main ingredients: 

(1) A semi-global existence result for the characteristic initial value problem with large initial 
data^ measured relative to a small parameter 6 > 0. The precise dependence on 6, which 
Christodoulou calls the short pulse method, was subsequently relaxed in [5], [6], see also [8]. 
In all these results the data on the incoming null hypersurface is assumed to be flat. This 
restriction has been recently removed in [7] . 

The semi-global result allows one to construct the future development of the initial data, 
together with a double null foliation'' {u,u), < u < u^, < u < u^, and full control on all 
the geometric quantities associated to it. 

(2) An amplification mechanism for the integrals |xP along outgoing null geodesic segments 
7, (with X denoting the outgoing null shear). This mechanism, which requires the estimates 
obtained in the constructive step (1), combines with a uniform lower bound assumption of 
these integrals on the initial null hypersurface, and leads to the formation of a trapped surface. 
It is important to note that the trapped surface thus obtained is adapted to the double null 
foliation {u, u), i.e. it is of the form S — {u — ui,u — Ui}, for some < ui < u*, < < u^. 



The new result we present in this paper relies heavily on the hard part of the above results, i.e. the 
construction of the spacetime in (1). We modify however part (2) by combining Christodoulou's 
argument with a new deformation argument along the incoming null hypersurfaces {u = const}. 
This allows us to dramatically weaken his uniform condition to a merely localized condition in a 
neighborhood of a null geodesic of {u — 0}. We note that the trapped surface we find by our 
argument does not belong any longer to the double null foliation constructed in step (1). 



1.1. Geometry of a double null foliation. As in [5] we consider a region V — V{u^^u^) of a 

vacuum spacetime (M, g) spanned by a double null foliation generated by the optical functions (w, u) 
increasing towards the future ^, < < and Q <u<u^ (see Figure 1). 



On the outgoing null hypersurface. The incoming data is flat. 
"^Such that the initial configuration is given by the incoming {u = 0} and outgoing {u = 0} initial null hypersurfaces. 
^These can be compared to the optical functions u = , u = in Minkowski spacetime. 
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The colored region on the right repre- 
sents the domain m^), = S. The 
same picture is represented more reahs- 
tically on the left. 



We denote by if„ the outgoing null hypersurfaces generated by the level surfaces of u and by if „ the 
incoming null hypersurfaces generated level hypersurfaces of u. We write Su^u = H if„ and denote 

by Hi-''-^^ and h!^^'""^) the regions of these null hypersurfaces defined by < u < ttg and respec- 
tively ui < u < U2- Let L = —g'^^daudjs, L = —g^^daudp, be the geodesic vectorfields associated 
to the two foliations and define, 



g{L,L) :=-2fi 



-2 
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(1) 



As is well known, the space-time slab 'D{u^,u^) is completely determined (for small values of u^,u^) 
by data along the null hypersurfaces Hq, H^q corresponding to u = and u = respectively. We can 
construct our double null foliation such that f2 = 1 along Hq and H^q, i.e., 



<u<u^, 

< M < M*. 



(2) 
(3) 



We denote by r = r{u,u) the radius of the 2-surfaces S = Su,u, i-e. \Su,u\ = 47rr(u,u)^. We denote 
by ro the value of r for Sq^, i.e. Vq = r(0, 0). 

Throughout this paper we work with the normalized null pair (63,64) defined by 

63 = f2L, 64 = ilL 

which satisfy 

5^(63,64) = -2. 

Given a 2-surfaces Su,u and {ea)a=i,2 an arbitrary frame tangent to it we define the Ricci coefficients, 

r(A)(/.)M = ^(e(A),i^e(,)6(^)), A, /i, z/ = 1,2,3,4 (4) 
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These coefficients are completely determined by the following components, 

Xab = giDaC^, Cfe), X„ft = 9{Dae3, Cft), 

Va = -^giD^ea, 64), 77„ = -^giD^ea, 63) 

UJ = -^9(0463,64), L0= -^9(0364,63), 
Ca = ^g{Dae4, 63) 

where Da = D^^^y We also introduce the null curvature components, 

aah = -R(ea, 64, 66, 64), = -R(ea, 63, 66, 63), 

= ^-^(60,64,63,64), = ^i?(ea, 63, 63, 64), (^g) 

1 1 

P = -^R{Le4, 63, 64, 63), = ^ *-R(e4, 63, 64, 63) 

Here *R denotes the Hodge dual of R. We denote by V the induced covariant derivative operator 
on Su,u and by V3, V4 the projections to Su,u of the covariant derivatives D3, D4. Observe that, 

uj = -^V4{logn), a; = -^V3(logO), 

r7a = Ca + Va(logfi), = -(a + V„(log 1^) 

We recall the integral formulas^ for a scalar function / in P, 

d 



du 
d 

du 



[ f - f (£ + ^^^^^)=/ ^(e3(/) + trx/) (8) 

*^ Sii._ii. Sn._ii. Sir 11. 



In particular. 



If dr 1 f 



du Stt /<? ' dii Stt /<? 

We also recall the following commutation formulae between V and V4, V3 in [4]: 
Lemma 1. For a scalar function f: 

[V4,V]/ = l{v + ri)D4f-X-^f (10) 

[V3,V]/ = ^(77 + 77)^3/ -x-V/, (11) 



6, 



'see for example Lemma 3.1.3 in [4] 
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For a 1-form tangent to S: 

[V4,V„][/6 

[V3,V„][/5 

In particular, 

[Vi,div\U = -^trxdivU -x-WU - p-U + ^{r] + ri)-W4U -ri-x-U 

1 1 
[V3,d%v]U = --trxdtvU -x-^U + §_-U + -{r] + ri) -VaU -r]-x-U 

1.2. Main theorem. For simplicity of our presentation^ we describe our main result in the context 
of the class of initial data used by Christodoulou. As in [2] we prescribe the null incoming data to be 
trivial, i.e. corresponding to null cones in Minkowski space. In particular ^0,0 is the standard sphere 
of radius tq. To prescribe null data on amounts to prescribe an arbitrary symmetric, traceless, 
smooth tensor called initial shear. 

Definition 1. Given 5 > and C > 0, we say that a smooth shear xo, supported on Hq^'^\ verifies 
Christodoulou's 5-short pulse condition with constant C if, 

supEE^^^'II^4V'Xo||loo(5o.,) < C. (12) 

- i<5 k<3 



= -Xac^cUb+ eac *PbUc + T^iVa + r])DdJb 

I —a 

- XacVj^Uc + XabV-U 

- X,,VbUc + X,,vU 



It is proved in [2] that for 5 sufficiently small, depending only on C, Tq, any prescribed shear xo 
satisfying (12) gives rise to a unique smooth spacetime D{u^, 5). To show that a trapped surface forms 
in P(m*,5), Christodoulou needs in addition a uniform lower bound on the function Mq — -/W^o[Xo] 
defined on 5*0,0 as follows, 

Mo(u;) = Mo[xo](u;) := f \U\'ii.^)dy!- (13) 

Jo 

where the integral is taken along the null geodesic generator on i^o, transversal to 5*0,0, initiating at 
ui e 50,0 ■ More precisely he imposes the condition, 

inf Mo{u) > > (14) 

and shows that if 5 is sufficiently small, depending only on C, tq and M*, the surface Su^^s is necessarily 
trapped. In our main result, stated below, we replace (14) by the following weaker condition, 

inf Mq{u) > > 0, (15) 
^Similar results can be derived using the classes of initial data discussed in [5], [6] and [7]. 
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where -Bp(e) is a geodesic ball of radius e around some p G 5*0,0 We are now ready to state our main 
result. 

Theorem 1 (Main theorem). For every tq, C , M^, e, there exists 6 > sufficiently small such that 
if the null shear Xo along Hq verifies both Christodoulou's 5 -short pulse condition with constant C 
and the non-isotropic condition (15) with constants e and then, 

(1) There exists a unique smooth spacetime V{u^,d), where verifies: 

^ » (ro - u,) > 0, (16) 

^0 

such that, in particular^, the conditions MAI - MA4 below are satisfied, with Sq — S^^"^. 

(2) The spacetime V{u^, 5) contains a trapped surface of area at least ~ (ro — m*)^. 

As discussed above, part (1) of our main theorem is a consequence of Christodoulou's existence result 
in [2]. More precisely for every^ < ro, fixed C > 0, and 5 > sufficiently small, depending only 
on u^, ro and C, Christodoulou's theorem produces a space-time Vlu*, 5) which verifies the following 
conditions, with Sq — (5^/^. 

MAI. Q is comparable with its initial value 

n = i + o{do). 

MA2. The Ricci coefficients x, uu, r), r), V(log fi), x, u; verify 

\x,co\ = 0{6-^"), 
Itrxl = 0(1), 

2 

|?7,?7,X,trx+ V(logQ)| = 0{5q). 

— r 

MAS. Also assume that the following hold for the derivatives of Ricci coefficients 

|Vr?| = 0{5o5-'"), 
|Vx,Vtrx,Va;| = O(5o). 



The existence proof produces a space-time with exphcit control of both Ricci coefficients and null curvature 
components of the double null foliation. Conditions MAI - MA4 are the minimum needed to be able to implement 
part 2 of the theorem. 

^tq — > can be made arbitrarily small by choosing 5 > Q sufficiently small. Though strictly speaking, this 
statement that Tq — it* can be made small by choosing 6 small is not proved in [2] , it is easily implied by its method 
of proof. 
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MA4. trx is close to its Minkowskian value on the initial cone 
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|trx--| = 0{do), onH,. 

Remark 1. The conditions MAI- MA4 are precisely the conditions needed to implement part (2) 
of our main theorem. Though strictly speaking Christodoulou's theorem implies MAI- MA4 with 
6o = 6^^"^ we prefer to write them in this more general form with respect to a second parameter ^o, 
such that So, Sq^S are sufficiently small. This formulation allows us to adapt our result to the more 
general initial data used in [5] and [6] . 

Remark 2. As described above our condition (15) provides a significant relaxation of Christodoulou's 
uniform condition in [2] , which requires 

inf Mo{lj) > > 0. 

Note however that while in [2] the desired trapped surface can be found among the surfaces Su,u, 
consistent with the double null foliation, this is no longer the case in our theorem. 

Remark 3. We would like to emphasize that in our main theorem and e can be chosen arbitrarily 
small, as long as S is sufficiently small depending on M^, and e. Note also that the condition (16) 
is consistent with the spirit of Penrose inequality which require that the square root of the area is 
bounded from above by the total initial energy 

We show that a trapped surface exists in V{u^, S) by finding an embedded trapped 2-sphere in the 
incoming null hypersurface H^. Notice that by MA2, trx < on Therefore, it suffices to find a 
2-sphcrc such that the outgoing null expansion is also pointwise negative. We will achieve this in two 
steps. In Section 2 we make use of the conditions MAI - MA4 to reduce the problem of existence 
of a trapped surface to that of finding appropriate solutions to an elliptic inequality, see (20), on 
So,Q- In Section 3, we prove that under the assumption (15) of the main theorem, a desired solution 
to the elliptic inequality exists. 



2. Reduction to an elliptic inequality on the initial sphere 5*0,0 

In this section, we show that under the assumptions MAI - MA4, the existence of a trapped surface 
can be reduced to constructing a solution to an elliptic inequality (20). The main result of the section 
is stated in Theorem 2. 

We first make a remark concerning the global parametization of points in 'D{u^,S) by r, u and 
coordinates uj on Sq^. 
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In view of (9) and the conditions MAI- MA2 we have, 

* . _l + 0(,«, I^OW. (17) 

Thus, for 6o sufficiently small, we infer that r is a strictly decreasing function in u along the incoming 
null hypersurfaces. 

Proceeding as in [2] we associate to each coordinate patch on 5*0,0, a system of transported coordinates 
defined by 

/^ae.O" = 0, on Ho, (18) 

and 

^ne3^" = 0, mV{u,,S), (19) 

where ^ is the restriction of the Lie derivative to TSu,u (see [2], chapter 1). This provides an 
identification of each point in the spacetime V{u^,6) with a point in the initial sphere 50,0 by the 
value of the coordinate functions. 

It follows that any point in V{u^, 6) can also be uniquely specified by the coordinates {u, r,uj), where 
00 e So,o- 

We can now state the main result of this section: 

Theorem 2. Assume that the spacetime T>{u^, 5) satisfies MAI - MA4. Let Mq be the function on 
the initial sphere 5o,o defined by (13), i.e., 



Mo{uj) : 



/ \xf{u = Q,u',u!)d'uf. 
Jo 



Assume R is a smooth function on 5o,o satisfying ro — + C5q < R < ro as well as the elliptic 
inequality^^ on Sq^ 

-AR + R-^\VR\'^ + R<2-^Mo-C5o, (20) 
with C > a constant depending only on 1 1 V*/?] |l<x>(5q_(,). 

i<2 

Then, for SS^^, So sufficiently small, the 2-sphere defined by {{u, r,uj) : u — S,r — R{uj)} is a trapped 
surface. 



We prove Theorem 2 in this section and leave for the next section the task to show that a smooth 
solution R to (20) exists, provided that Mq satisfies the assumptions of our main theorem. 



Here A and V are defined with respect to the connection on the initial sphere So^. 
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2.1. Christodoulou's argument. In [2], it was shown that under the assumptions MAI - MA4, 
the expansion trx on each of the spheres Su,s on H^g can be computed up to a small error depending on 
S. In the context of [2], where a uniform lower bound on Mq is assumed, this is sufficient to conclude 
the existence of a trapped surface S of the form S = Su,s- In the case of our weaker condition (15), 
his argument only shows that trx becomes sufficiently negative in part of the sphere Su,s- To obtain 
a trapped surface we need to combine that fact with a new deformation argument of the foliation on 

Christodoulou's argument for the formation of trapped surfaces in [2] rests on the equations, 

V4trx+^(trx)' = -|xr-^(trx)'-2c^trx 

VsX + ^trxx = V®?7 + 2ljx - ^t^XX + V^V 
In view of our Ricci coefficients assumptions we can rewrite, 

V4trx = -|xr + o(rV2) 

V3X + ^trxx = O{5o5-y') 
Multiplying the second equation by x, 

V4|xr + trx|xr = 0{6oS-') 
Using also our assumptions for u,u,D, we deduce, 

^trx = -|xr + 0(rV2) (21) 

l^lxr+trxlxr = O{5o5~') (22) 

Integrating (21) we obtain, 

tTx{u,u) = /"Ixl («,«') W + C>((5o) (23) 

In view of our assumptions for trx and ^, (22) implies 

i^ir'im = r'^\x\' + 2r^\x\' = r'[- trxlxl' + 0(^0^^)] + 2r [ - 1 + 0{r5o)] \x\' 
= 0{SoS-'). 

Therefore, 

r^lxfiu, u) = r^O, u)\x\\0, u) + O{5o5-^) 
Let xo denote the initial data for x: 

Xo(m)=x(0,m)- (24) 
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We deduce, 

M, u) 



Since r{u, u) = r{u, 0) + 0(5), 



\x\\u,u)^^^\U\u) + 0{5o5-'). 
r-^\u, (Jj 

Thus, returning to (23), and recalling that 

Mo(a;)= / \xo?{y!,uj)dy!, 
Jo 

we deduce the following: 

Proposition 1. Under the assumptions MAI- MA4 we have, for So, Sq^S sufficiently small, 

trxiu, u^5,u;)^ - ^l^Moiu) + 0{5o) (25) 

Since r{u, 0) — r^ — u + O{5o), this implies 

Corollary 1. For 6o, S^^S small, the necessary and sufficient condition to have trx < everywhere 
on the sphere Su,s is that 

2(ro - u) 



2 < Mo (a;) - 0{So) (26) 
holds uniformly for every cu e 5*0 o- 



Under the assumptions of our main theorem, we can only hope that the outgoing null expension trx 
adapted to the foliation {u, u) becomes negative in the part where Mq is positive. Thus to prove our 
main theorem, we need to combine this argument with the new deformation mechanism which leads 
to the formation of a trapped surface that is no longer adapted to the double null foliation {u,u). 
Instead, as stated in Theorem 2, the trapped surface will be a topological 2-sphere embedded in the 
incoming null hypersurface {u — 5} defined by {{u,r,uj) : u = S,r = R{uj)}. 

2.2. Main transformation formula. According to the statement of Theorem 2, {{u,r,uj) : u — 
S,r = R{uj)} will correspond to a trapped surface provided that R satisfies (20). To verify that, we 
need to compute its null expansion, which differs from the null expansion trx relative to the double 
null foliation {u,u) restricted to {{u,r,uj) : u = d,r = i?(a;)}. To compute the correct null expansion 
trx', we change the u foliation along {u — 5}. More precisely, given the foliation induced by u, we 
look for a new foliation v — v{u, ou) defined by the equations 

V„/ = 0, f\s, = /o 



(27) 
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with 

V„ = QVs, 

and /o a function on 5*0 = Sq^s such that the sphere {{u,r,u) : u — 5,r — R{ou)} corresponds to the 
level set of v: {u — 5,v — 1}. 

We introduce the new null frame adapted to the w-foliation, 

4 = ^3, e'^^ ea - e~^nea{v)e3, 64 = 64 - 2e"-''f2ea(t')ea + e"^-^0^| Vv|^e3 (28) 

Indeed we have, e'„(f) = ea{v) — e~fflea{v)e3{v) = ea{v) — e~^ea{v)'Vuiv) — 0. Also, since 63 is 
orthogonal to any vector tangent to H we easily check that 

f 4) = f (ea, eb) = 5ab, gie'^, e'J = g{e'^, e^) = 0, g{e'^, e^) = -2. 

We prove the following. 

Proposition 2. Let v,f be defined according to (27), F — Q,~^e''^Vv and G — e'^F. The trace of 
the null second fundamental form x', relative to the new frame (28), is given by 

trx' = trx- 2e^ div G - trx\F\^ - AxbcF^F" - 2{ri + Q ■ F (29) 

where f obeys the transport equation 

Va/ = 0, (30) 

F verifies the transport equation 

V^F + ^trxF = Vf-x-F + 2uF (31) 

and div G verifies, 

Vaidiv G) + trxdiv G = div {e'N f) + Erri (32) 

where, 

Erri = e--^V(log Q) • V/ - 2x • VG 

- Vtrx-G+ {trxC-2xC-2x ■ V(logl]) + 2Va; + 2u;Vlog(]) G 

Also, 

Vale^div {e-^Vf)] + trx[e^div {e-^Vf)] = Err2 (33) 

with error term, 

Err2 = -2x •(VV-V/V/)-Vtrx-V/+(^rxr?-2xC-2x •V(logQ))-V/, 

where V3, V, div are defined relative of the old foliation {u,u). 



The proof is based on a straightforward but lengthy computation, which we postpone to the appendix. 
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2.3. Estimates for trx'. In this subsection, we apply Proposition 2 to compute trx' up to an error 
term depending on 5o. 

Equation (30) implies that 

/ = /o, (34) 

By the Commutation Lemma 1, 

V3V/+^trx = 0/„(5o), 

where 0/„(5o) denotes a term bounded by CSq, with C depending only on the L°° norms of /o, V/o 
and VVo- By (17), 

V3(rV/) = Of,{So). 

Therefore, 

rV/ = roVfo + Of,{5o), (35) 
A similar application of the Commutation Lemma 1 gives 

r^VV = rlV'f,+OfM. (36) 

Now, from equation (31), 

VaF+^trxF = Vf + OfM 

we deduce, 

V3(rF) = roV/o + 0/o(5o) 
and therefore, since Fq = e^'^''|Vt'o| = 0, 

r\F\=uro\VM + Of,{6o). (37) 

We next calculate VF. Using the Communtation Lemma 1, we deduce, 

VaVF + trxVF = ^^f + Of,{So). 

Thus, 

r^\VF\=url\V'M+Of,{6o). 

Since G — e~^F we also deduce, 

r^|VG| = roV^°|VVo|+0^o(<^o)- 

Next we calculate div G from (32) which we write in the form, 

V3(divG')+trxdivG' = div (e-^V/) + 0/o(5o). (38) 
On the other hand, (33) imphes 

rMiv (e-^V/) = r^div (e-^°V/o) + Of,{5^). 
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Therefore, (38) implies 

rMiv G = -w2A(e-^°) + 0/o((5o). (39) 

Finally, going back to (29), 

trx' = trx-2e^div(G) + ^|F|2 + 0^„(5o) 



2url 

= trx+^ 



We summarize the result in the following proposition. 

Proposition 3. Assume that MA1-MA4 are verified in the space-time region V{u^,5) and f,v 
defined according to (27). Then for all < u < on the incoming null hypersurface H_g, the 
expansion trx' of the v foliation verifies, 

trx'{u,u^S,u;) = trx{u,u^S,u;) + ^l^-Afo+[l+-]\Vfo\']j+Of,{So). (40) 

2.4. Main equation. We now combine the results of Propositions 1 and 3. According to Proposition 
1 we have, 

2 1 

trx{u,u = 6,cj) = ^^^^ - ^^^^^ \Xo\\^,^)dn: + Of,{6o). 
Thus, inserting in (40), we have 

trx'{u,u = S,u;) < - + -/ j^- Afo + [l + -] \V fof j - ^M^ - Of,{So). 
where r — r{u, 0) and 

Mn 



^0= / \Xo\\u')dn!. 
Jo 



To proceed, recall that we choose the function /o such that the sphere {{u,r,uj) : u = 6,r = R{oj)} 
corresponds to {u — S,v — 1}. We express the values of u on the sphere {{u,r,u) : u = 6,r = R{uj)} 
as a function along 5*0,0 via the coordinate identification provided by (18) and (19). We denote this 
function hy U = U{fo). In fact, since v — ue^°, we deduce that U — e^^° on {u — 5,v — 1}. 
Moreover, since according to (17) , 

(IT 

we can write, 

i? = ro-e-^° + 0(5o). 
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To have tix' negative on {(m, r, cj) : u = 6,r = R{uj)} = {u = 6,v = 1} we need, 
2 2U 



R 



+ § ( - A/o + [1 + ^] |V/or) < ^Mo - 0,M. 



We now re-express (41) with respect to i? = R{fo). We have, 



On the other hand. 



In view of formula (8) and the equation, 

1 



AR = ^(/o)A/o + ^(/o)|V/or 



di? , ^ , dr dU „ f„ 
— (/o) = V^r-e-^°+V„re-^° 



V3trx+ ^(trx)^ = -2a;trx- |x|^ 



we deduce, 

V„(rV„r) = / = l^(e3(0trx) + 0trxtrx) 



I C 0/1 / c 



Hence, 

from which we deduce. 



167r /<? — Stt ;<? 



rVlr + (V„r)2 = 1 + 0{5o) 
rWlr^OiSo). 



Hence, 

|Vi?|2 = |V/o| V^-'^o |V„r|^ 



= |V/o|V^^° + 0/o(5o) 
Ai? = -A/oe--^°V„r+ (V^r-e-^° + V„re-^°)|V/o| 
= e-/°(A/o-|V/or)+0^„(5o). 
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Thus, 



Therefore, we have 



iv/or 

A/o 



e'f"\WR\-' + Of,XSo 



ef"AR+\Vfo\' + Of,i6o) 
e^"Ai? + e2/o|Vi?|' + 0/o(5o). 



-A/o + (l + ^)|V/or + ^ 

= -e-^«Ai? - e2-^o|Vi?p + (1 + e-^''R-^)e^^°\VR\'^ + Re^° 



g/o 

1 

U 



- AR- R-^\VR\'^ + R 

- AR- R-^\VR\'^ + R 



Hence, multiplying by (41) by we deduce that (41) is equivalent to 

-AR + R-^\WR\'' + R< ^Mo-Of,{5o). 
Re-expressing /q in terms of R, this is equivalent to 

-AR + R'^\VR\'^ + R< - Or{So), 

where Oi?(5o) denotes a term bounded by C^q such that C depends only on the L°° norm of i?, Vi? 
and V^R. 



This concludes the proof of Theorem 2. 



3. Solutions to the deformation equation on a fixed sphere (5*, 7). 

To prove our main Theorem 1 it suffices now to show that if Mq verifies the the assumption (15) 
then an appropriate solution to the differential inequality on the standard sphere S — So^, 

-AR + R-^\VR\'^ + R<2-^Mo, (43) 

can be found. In our argument below we can also assume that is close to Tq. 

Let R = e^'^ and for simplicity of notation rewrite M — 2~^Mq. Then the main deformation equation 
(43) reduces to 

A(f) + 1< Me*. (44) 
Assuming SSq^, Sq sufficiently small, depending on Mq. 
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We show below that (44) can be solved as long as M > and M > c > on some open ball of S. 
Our approach provides an explicit construction using the Green's function for the Laplacian on S. 
The main observation is that given any function (j), there exists a sufficiently large constant C such 
that (44) is satisfied by = + C on the set where M has a positive lower bound. It is therefore 
sufficient first to construct a function satisfying (44) only on the complement of the set where 
M has a positive lower bound. It turns out that an appropriately rescaled and cut-off version of 
the Green's function for the Laplacian satisfies this property. As we will show below, this approach 
provides the sharp bounds for the solution when M is concentrated on a small geodesic ball Bp{e). 

We prove the following proposition, which together with Theorem 2, implies our main theorem 
(Theorem 1): 

Proposition 4. Let = minM. Then there exists a function (p^M^ verifying the inequality (44) 
and such that 

0.,M. < M^) + 0(1) (45) 
|V(/.,,mJ = 0{rfe-^), \V^,,MA = 0{rfe-^). (46) 
Remark 4. In fact (45) is sharp up to a constant for the function 

M = on S\ Bp{e) 
M = on Bp{€) 

as can be seen by the following argument: 
On S \ Bp{e), we must have 



/ (A0+1)<O. 



Since A0 = 0, 



/ A(/) > c / 1 > cr, 
Thus there exists a point q in Bp{e) such that 



A0(g) > "4- 



At the same time (44) implies that 

M.e-^^^) > A0(g) > ^ 
Thus 



crl 
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3.1. Proof of the main theorem. Returning to our task of constructing a trapped surface, note 
that the upper bound (45) for corresponds to our desired lower bound for R. More precisely, (45) 
imphes that for some C > 0, 

R - M,e2 

In particular, for M satisyfing the assumption of Theorem 1, i.e., 

inf M > > 0, 

the proposition implies the existence of a function R verifying (43) and a lower bound depending only 
on Therefore, for fixed we can choose 66^^ and 6q small enough such that is sufficiently 

close to To and Tq — + C6o < min R. This guarantees that the sphere {{u,r,u!) : u = 5,r = R{cd)} 
lies within ©(li*, S). Moreover, given a function R verifying (43), the term CSq in (20) can be made 
arbitrarily small by choosing So small. Thus, by Theorem 2, the sphere defined by {{u,r,iu) : u — 
S,r = R{uj)} is a trapped surface. Since R> {ro — «*), the constructed trapped surface has area at 
least ~ (ro — M*)^. 

This concludes the proof of the main theorem. It thus remains to prove Proposition 4. 

3.2. Proof of Proposition 4. To this end, we use the following standard lemma concerning the 
Green's function of the standard sphere S. A proof, which we sketch below for completeness, can be 
found in Theorem 4.13 in [1]. 

Lemma 2. Given a smooth riemannian metric 7 on S, there exists a function w, smooth outside 
the point p, such that 

^dW+^^ 27r5p (47) 

where Ad is the distributional Laplacian associated to the metric 7 and 5p is the Dirac measure at p. 
Moreover, if Xp denotes the distance function from p, 

w = xlogAp + v (48) 

with V smooth in S\ {p} and satisfying 

\v\<C, \Vv\=o{\-^), \V^v\ = o{\-^); 
and X ci smooth cut-off function identically equals to 1 in a small neighborhood of p. 

Proof. We construct w by first finding an approximate solution to (47) and then controlling the error. 
Notice that in order to get good estimates in L°° for v and its derivatives, we cannot directly bound 
V. Instead, we need to give a more precise approximate solution (see (51) below). 
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Let X '■ ~^ be a bump function supported in [0, ^] such that 

x{x) — I for < X < ^, 
where is the radius of injectivity on S. 

Let Xp be the distance function from p and fp be a function defined away from p by 

fp = A(xlogAp) 

and equal to at p. 

It is easy to see that for every function cp 

27rcp{p)= / x{x)logXp{x)Aip{x)dV{x) + / (p{x)fp{x)dV{x), 



and in particular 

/ fp{x)dV{x) = 2n, for all p. 
Js 

Moreover, for every continuous function (p, 

A.( J x{y)iogX,{y)if{y)dV{y)) = 2Mx) - J UyMy)dV{y). (49) 

Define gp by 

9p{x) = ^ y fp{y)fx{y)dv{y)- 

One checks that Qp is and that 

/ gp{x)dV{x) — 27r, for all p. 
Js 

Finally, define hp by solving 

^hp{x) = ^ 1 gp{y)Uy)dV{y) - ^. (50) 

Notice that this can be solved since ^ f gp{y)fx{y)dV{y) — 27r and the right hand side of (50) 
integrates to 0. By standard elliptic estimates, hp{x) e C^. 



Let 



One easily checks that v obeys 



vix) = ^ [ fp{y)x{y)^ogXx{y)dV{y) + ^ j gp{y)x{y) ^og Xx{y)dV{y) + hp{x). (51) 

1 

27, 



^v^fpiy) - ^^2, 







which imphes, by (49), 
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Ad(xlogAp + i;) = 27r5p 



2rl 



Moreover, v satisfies all the estimates in the conclusion of the lemma. 



Using this lemma, we now proceed to the proof of Proposition 4: 



Proof of Proposition 4- Consider the cut-off function 

Xe^O on Bp{e/2) 
= 1 on S\ Bp{e) 

and define = — (1 — Xe) loge. Note that verifies the following properties: 

on Bp{e/2) 



We = 0, 

= loge + 0(1), 
^1;, = log A + 0(1), 
V«;, = 0(e-i), 
= 0(e-2), 
Aw,+ ^ = 0, 



' 

.2 ~ 



on Bp{e)\Bp{e/2) 
on S \ Bp{e) 
on S\ Bp{e/2) 
on S\ Bp{e/2) 
on S\ Bp{e) 



Consider now the function cf)^ = Sr^We and observe that, on S \ Bp{e), we must have, 

3 



Thus, we have. 



A0, + 1 = -- + K 0. 



0, 



0, = 3r2 loge + 0(1), 
0, = 3r2logA + O(l), 
V0, = 0(r2e-i), 
V% = 0(r2e-2), 
A0e + 1< 0, 



on Bp{e/2) 

on Bpie)\Bp{e/2) 
on S* \ Bp{e) 
on S \ Bp{e/2) 
on S\ Bp{e/2) 
on S\ Bp{e) 



Finally, we let 



where 



4>e,M* = -log5e,M. + (pe, 



, for some small constant c. 







20 SERGIU KLAINERMAN, JONATHAN LUK, AND IGOR RODNIANSKI 

Then, on S \ Bp{e), 

A0,,M. + 1 = + 1< 0. 

On Bp{e), 

A0e,M, + 1 = + 1< ^ < M,e^-^* . 
Therefore, (44) is verified on 5*. 

Moreover, (53) and (54) imply that 0e,M* obeys the bounds asserted in the proposition. 

□ 
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Appendix A. Proof of proposition 2 

In this appendix, we derive the transformation formula for trx for the change of foliation defined in 
Section 2.2. 

Lemma 3. The new incoming expansion trx' verifies the transformation formula, 

trx' ^trx- 2ef div (e'^F) - trx|F|^ - '^XbcF^F'' - 2{ri + Q ■ F (55) 

where Fa — e^^QVaV and trx, 'I^TX.j X )^ ^'^s connection coefficients for the given double null foliation 
(u,u). 

Proof. We have, 

X'(e;, e'J := giD^^e'^, e',) = g{Dj^, e',) - F^giD^e'^, e'J 
Now, writing 64 = 64 — 2F + \F\'^e3 with F — FcCc and e'f^ — ei, — FfjC^, 
giDae'^,e',) = g{Da{e4 - 2F + \F\^e3) , e^ - F^e^) 

= Xica, Cb) - 2F,Ca - '^VaFb + 2F,g{DaF, 63) + iFfgiDaea, e^ - F^eg) 
= Xab - ^CaFb - 2VaFb - 2F,x{F, Ca) + \F\\^ 
= Xab-'2CaFb-2VaFb-2F,F,x^^+\F\\^ 
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Also, 

g{Dse'^,e',) = (7(^3(64 - 2F + iFl^ea) , - F^es) 
= giD^e^, Cb) - FbgiDsCi, 63) - 2V3F,, 
= 27^6 + 4F,,a; - 2V3F6 

Hence, 

X'ab = Xab - 2CbFa - 2V aF,, - 2FbF,x. + \F\\. - Fa {2r]b + AFbUj - 2VsFb) 



= Xab - 2VaFb + 2FaVsFb - 2CbFa - 2FaVb + \F\\^ - 2FbF,x^ - AuiF^F^ 
By symmetry in a,b we deduce the formula, 

x'ab -Xab - {VaFb + VbFa)+Vs{FaFb)-{Cb + Vb)Fa-{Ca + Va)Ft, (56) 



and, taking the trace, 

trx' = trx-2diy F + Vs\F\^-2{rj + 0-F + {\F\hTx-2x^F'F'')-4u\F\^ 
= trx - 2div F + V3|F|2 - 2(7] + () ■ F - 2xbcF^F'' - Aui\F\^ 
We next calculate VslFp using (27) and the commutation formula 

[V3,V]/i=(VlogO)V3/i-x-V/i 

or, 

[V„,V]/i = -%-V/i 
Since V„/ = and F = VL~^e~^Vv we deduce, 

= QV/ - n^e-^x ■ V^; + VySle-^Vv 



or. 



i.e.. 



V3F = V/ - X • ^ - V3QF 
= V/-x-i^ + 2a;F 



V3F + ^trxF = V/ - X • + 2a;F 

from which we derive, 

V3IFP = -trx|Fp + 2F. V/-2x6ci^''F^ + 4a;|i^P 



(57) 
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Therefore, 

trx' = trx - 2div F - 2{r] + Q ■ F - 2x bcF'^F" - 4a;| F| ^ 
- trx\F\^ + 2F -Vf -2xbcF''F^ + Au\F\'^ 
= trx - 2div F + 2F • V/ - trxiFp - AxbcF'F'^ - 2{r) + Q ■ F 
= trx - 2e-'^div {e-^ F) - trx|F|2 - AxbcF^F" - 2{r] + () ■ F 

as desired. 

□ 

To understand how trx' differs from trx it only remains to derive a transport equation for div G 
with G = e-fF and for div (e-^Wf). 

In view of (57) and e3(/) = we have for G := e~^F. 

VaC + ^trxG = e-^V/ - x • G + 20;^ (58) 

To derive a transport equation for div G we make us of the foUowing 

Lemma 4. Assume that the S-tangent vectorfield V verifies an equation of the form, 

V^V+]^trxV^-X-V + W 

Then, 

Vi{divV)^\trxdivV = divW -VilogVL) - 2x -W -Vtrx-V 

+ (^rxC-2xC-2x •V(logl]))-V^ 

Proof. 

1 1 
V3(div 1/) + -trxdiv 1/ = div ( - x • 1^ + W^) - ^Vtrx • 1^ + [V3, div ]1/ 

We make use of the commutation formula, see Lemma 1, 

[V3,div]y = -^trxdivl/-x •V1/+(^-?7-x)-1^ + V(logQ)-V3l^ 
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Therefore, 

V3(div y) +trxdiv y = div {- x ■ V + W) - x ■ + {p- ^Vtrx- V x) ■ V 

+ V(logQ)-V3T^ 

= div - 2x ■ W + ( - div X + ^ - ^Vtrx -r]-x) - V 

+ V(logQ)-(-^trxT^-X -l^ + W^) 
= div M^ + iy- V(logQ)) -2x • Vy 

+ ( - div X - ^Vtrx + ^ - ^ • X - ^trxV(fogl^) - x • VQogl^)) • V 

Using the Codazzi equation, div x = |Vtrx + + C ' (x ~ i^rx) as well as 77 = C + V(logQ) we 
derive, 

-div X - ^ Vtrx + ^ - ^? ■ X - ^trxV(log - x ■ V(log O)) 
= - Vtrx - C • (X - ^trx - ?? • X - ^trxV(log Jl) - x • V(log fi) 
= -Vtrx - X ■ (C + ^ + V(log n)) + ^trx(C + V(log O)) 



Hence, 



= - Vtrx - 2x (C + V(log ^)) + trx77 

V3(div V) + trxdiv F = div + • V(log Q) - 2x ■ VF - Vtrx • V 

+ (trx?7 - 2x C - 2x • V(log Q)) • F 



as desired. 



□ 



Applying the lemma to equation (58) we derive, 

V3(div G) + trxdiv G = div + • V(log Q) - 2x • VG - Vtrx • G 

+ (trxr7-2xC-2x • V(logfi)) -G 

with W = e~fVf + 2uG. Thus, 

diwW + W ■ V(log n) = div (e-^V/) + e--^V(log O) • V/ + 2div (a;G) + 2V(log 
We deduce the following transport equation for div G, 

V3(div G) + trxdiv G = div {e'N f) + 2a;div G + Erri (59) 
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with error term, 

Ern = e--^V(log Q) • V/ - 2^ ■ VG - Vtrx ■ G 

+ [tixv -2x(-2x- V(logfi) + 2Va; + 2a;VlogO) ■ G 

In the same manner we deduce a transport equation for the principal term div (e~'^V/) on the right 
hand side of (59). Indeed, since V3/ = we derive, 

V3(V/) + ^trxV/ = -xV/ 

Therefore, using Lemma 4, 

Vadiv (e-^Vf) + trxdiv (e^-^V/) = -2^ • Vie'^Vf) - Vtrx • e'^Vf 

+ {trxv - 2xC - 2x • V(logQ)) • e'^Vf. 
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